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a b s t r a c t
In this paper, we prove a stability result for the additive Cauchy functional equation in
random normed spaces, related to the main theorem from the paper [D. Miheţ, V. Radu, On
the stability of the additive Cauchy functional equation in random normed spaces, J. Math.
Anal. Appl. 343 (2008) 567–572].
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1. Preliminaries
Throughout this paper,∆+ is the space of distribution functions, that is, the space of all mappings F : R −→ [0, 1], such
that F is left-continuous, non-decreasing on R and F(0) = 0.
D+ is a subset of ∆+ consisting of all functions F ∈ ∆+ for which l−F(+∞) = 1, where l−F(x) denotes the left limit of
the function f at the point x, that is, l−F(x) = limt→x− F(t). ε0 is the specific distribution function defined through
ε0(t) =

0 t ≤ 0
1 t > 0.
A mapping T : [0, 1] × [0, 1] −→ [0, 1] is a triangular norm (briefly, a t-norm), if T satisfies the following conditions:
(a) T is commutative and associative;
(b) T (a, 1) = a for all a ∈ [0, 1];
(c) T (a, b) ≤ T (c, d) whenever a ≤ c and b ≤ d for all a, b, c, d ∈ [0, 1]. Typical examples of continuous t-norms are
TP(a, b) = ab, TM(a, b) = min(a, b).
A t-norm T can be extended (by associativity) in a unique way to an n-array operation taking for (x1, . . . , xn) ∈ [0, 1]n,
the value T (x1, . . . , xn) defined by
T0i=1xi = 1, Tni=1xi = T (Tn−1i=1 xi, xn) = T (x1, . . . , xn).
A random normed space (briefly, RN-space) is a triple (X, µ, T ), where X is a vector space, T is a continuous t-norm, and
µ is a mapping from X to D+ such that the following conditions hold:
(RN1) µx(t) = ε0(t) for all t > 0 if and only if x = 0;
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(RN2) µαx(t) = µx

t
|α|

for all x ∈ X, α ≠ 0;
(RN3) µx+y(t + s) ≥ T (µx(t), µy(s)) for all x, y, z ∈ X and t, s ≥ 0.
Let (X, µ, T ) be an RN-space.
(1) A sequence {xn} in X is said to be convergent to x in X if, for every ϵ > 0 and λ > 0, there exists a positive integer N such
that µxn−x(ϵ) > 1− λwhenever n ≥ N .
(2) A sequence {xn} in X is called Cauchy if, for every ϵ > 0 and λ > 0, there exists a positive integer N such that
µxn−xm(ϵ) > 1− λwhenever n ≥ m ≥ N .
(3) An RN-space (X, µ, T ) is said to be complete if and only if every Cauchy sequence in X is convergent to a point in X .
If (X, µ, T ) is an RN-space and {xn} is a sequence such that xn → x, then limn→∞ µxn(t) = µx(t) almost everywhere. For
more details, see [1–3].
2. Main results
Our paper is related to the following theorem from [4]:
Theorem 2.1 ([4], Theorem 2.2). Let X be a real linear space, let f be a mapping from X to a complete random normed space
(Y , µ, TM) with f (0) = 0 and let ϕ : X2 → D+ be a symmetric mapping with the property:
∃α ∈ (0, 2) : ϕ(2x, 2y)(αt) ≥ ϕ(x, y)(t) (x, y ∈ X, t > 0). (2.1)
If
µf (x+y)−f (x)−f (y) ≥ ϕ(x, y) (x, y ∈ X), (2.2)
then there is a unique additive mapping g : X → Y such that
µg(x)−f (x)(t) ≥ ϕ(x, x)((2− α)t) (x ∈ X, t > 0). (2.3)
Moreover,
g(x) = lim f (2
nx)
2n
(x ∈ X). (2.4)
The main aim of this paper is to prove a complementary result, for the case α > 2.
Theorem 2.2. Let X be a real linear space, (Y , µ, TM) be an RN-space, and ϕ a mapping from X2 to D+ (ϕ(x, y) denoted by ϕx,y)
such that, for some α > 2,
ϕx,y(t) ≥ ϕ2x,2y(αt), (x, y ∈ X, t > 0). (2.5)
If f : X → Y is a mapping with f (0) = 0 such that (2.2) holds, then there exists a unique additive mapping A : X → Y such
that
µf (x)−A(x)(t) ≥ ϕx,x ((α − 2)t) (x ∈ X, t > 0). (2.6)
Proof. We use the direct method, as in [5] (see also [6,1]).
Putting y = x in (2.2), we obtain
µf (2x)−2f (x)(t) ≥ ϕx,x(t) (x ∈ X, t > 0). (2.7)
Replacing x by x/2 in (2.7) and using (2.5), we obtain
µf (x)−2f ( x2 )(t) ≥ ϕ x2 , x2 (t), (x ∈ X, t > 0). (2.8)
Replacing x by x2n in (2.8) and using the inequality
ϕ x
2n ,
x
2n
(t) ≥ ϕx,x(αnt) (x ∈ X, t > 0, n ∈ N),
which immediately follows by induction from (2.5), we obtain
µ
2nf

x
2n

−2n+1f

x
2n+1
(t) = µ
f

x
2n

−2f

x
2n+1
  t
2n

≥ ϕ x
2n+1 ,
x
2n+1

t
2n

≥ ϕx,x

αn+1
2n
t

(n ∈ N). (2.9)
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From
2nf
 x
2n

− f (x) =
n−1
k=0

2k+1f
 x
2k+1

− 2kf
 x
2k

and (2.9), it follows that
µ
2nf

x
2n

−f (x)

t
n−1
k=0
2k
αk+1

≥ T n−1M,k=0(ϕx,x(t)) = ϕx,x(t),
that is,
µ
2nf

x
2n

−f (x)(t) ≥ ϕx,x
 αtn−1∑
k=0
2k
αk
 . (2.10)
By replacing x by x2m in (2.10), we obtain
µ
2n+mf

x
2n+m

−2mf

x
2m
(t) ≥ ϕx,x
 αtn+m∑
k=m
2k
αk
 . (2.11)
As α > 2, it follows that the sequence ϕx,x

αt∑n+m
k=m 2
k
αk

tends to 1 asm, n tend to∞; hence, for every x ∈ X , the sequence
{2nf  x2n } is a Cauchy sequence in (Y , µ, TM). Since (Y , µ, TM) is a complete RN-space, this sequence converges to some
point A(x) ∈ Y .
Fix x ∈ X and putm = 0 in (2.11). Then we obtain
µ
2nf

x
2n

−f (x)(t) ≥ ϕx,x
 αtn−1∑
k=0
2k
αk

and so for every δ > 0, we have
µA(x)−f (x)(t + δ) ≥ TM

µ
A(x)−2nf

x
2n
(δ), µ
2nf

x
2n

−f (x)(t)

≥ TM
µA(x)−2nf  x2n (δ), ϕx,x
 αtn−1∑
k=0
2k
αk

 . (2.12)
Taking the limit as n −→∞ and using (2.12), we get
µA(x)−f (x)(t + δ) ≥ ϕx,x(t(α − 2)). (2.13)
Since δ was arbitrary, by taking δ −→ 0 in (2.13), we get
µA(x)−f (x)(t) ≥ ϕx,x(t(α − 2)).
Replacing x and y by x2n and
y
2n in (2.2), respectively, we get
µ
2nf

(x+y)
2n

−2nf

x
2n

−2nf

y
2n
(t) ≥ ϕ x
2n ,
y
2n

t
2n

≥ ϕx,y

αnt
2n

for all x, y ∈ X and for all t > 0. Since limn−→∞ ϕx,y

αnt
2n

= 1, we conclude that A is an additive mapping.
To prove the uniqueness of the additive mapping A, assume that there exists an additive mapping A′ : X −→ Y which
satisfies (2.3).
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Fix x ∈ X . Clearly, A  x2n  = 12n A(x) and A′  x2n  = 12n A′(x) for all n ∈ N. It follows from (2.3) that
µA(x)−A′(x)(t) = lim
n−→∞µ A(2nx)2n −
A′(2nx)
2n
(t),
µ
2nA

x
2n

−2nA′

x
2n
(t) ≥ TM

µ
2nA

x
2n

−2nf

x
2n
  t
2

, µ
2nA′

x
2n

−2nf

x
2n
  t
2

≥ ϕ x
2n ,
x
2n

α − 2
2n
t

≥ ϕx,x

αn(α − 2)t
2n

.
Since limn→∞ α
n(α−2)t
2n = ∞, we get
lim
n→∞ϕx,x

αn(α − 2)t
2n

= 1.
Therefore, it follows that µA(x)−A′(x)(t) = 1 for all t > 0 and so A(x) = A′(x). This completes the proof. 
By taking
ϕx,y(t) := tt + θ(‖x‖p + ‖y‖p)
for all x, y ∈ X and α = 2p, from Theorem 2.2 we obtain the following
Corollary 2.3. Let θ ≥ 0 and let p be a real number with p > 1. Let X be a normed vector space with norm ‖ · ‖. Let f : X → Y
be a mapping satisfying
µf (x+y)−f (x)−f (y)(t) ≥ tt + θ(‖x‖p + ‖y‖p) (2.14)
for all x, y ∈ X and all t > 0. Then
A(x) := lim
n→∞ 2
nf
 x
2n

exists for each x ∈ X and defines an additive mapping A : X → Y such that
µf (x)−A(x)(t) ≥ (2
p − 2)t
(2p − 2)t + 2θ‖x‖p
for all x ∈ X and all t > 0.
Remark 2.4. The stability of the additive Cauchy equation is related to the stability of the equation (in a single variable)
f (x) = 2f  x2 . One could first study the stability of this equation (even more generally one, f (ax) = bf (x)) and then derive
the result of Theorem 2.2 (this approach is studied, in the classical case, for example in [7]). This would allow skipping
the part of construction of suitable Cauchy sequences. We refer the reader to paper [8] as a good source of information on
different aspects of stability of functional equations.
Remark 2.5. The theorem below has been stated without proof in [4] as a complementary result of Theorem 2.1:
Theorem 2.6 ([4], Theorem 2.4). Let X be a real linear space, (Y , µ, TM) be an RN-space, and ϕ amapping from X2 to D+ (ϕ(x, y)
is denoted by ϕx,y) such that, for some 0 < α < 2,
ϕx,y(t) ≥ ϕ2x,2y(αt), (x, y ∈ X, t > 0). (2.15)
If f : X → Y is a mapping with f (0) = 0 such that (2.2) holds, then there is a unique additive mapping A : X → Y such that
µA(x)−f (x)(t) ≥ ϕ x2 , x2

2− α
2
t

(x ∈ X, t > 0).
We provide an example to show that this statement is not correct.
Example 2.7. Let ϕx,y(t) = t
t+2(|x| 12 +|y| 12 )
. A simple computation shows that (2.15) holds for α = 1. Let f : R → R be a
mapping defined by
f (x) =

4
|x| |x| < 1
x |x| ≥ 1.
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It is easy to see f satisfies at
µf (x+y)−f (x)−f (y)(t) ≥ t
t + 2(|x| 12 + |y| 12 )
for all x, y ∈ R and all t > 0 in which µx(t) = tt+|x| . Now, we assume that the additive mapping A(x) := ax exists for each
x ∈ R such that
µf (x)−A(x)(t) ≥
1
2 t
1
2 t + 4
 x
2
 12
for all x ∈ R and all t > 0. If x ≥ 1,we get |1−a| < 4√2|x| which implies that a = 1. Now if |x| < 1,we get |1− 4
|x|3| < 4 4 |x|4
which implies that 1 < 0 is a counteraction.
As a matter of fact, in [4], the authors intended to apply the fixed point alternative for the mapping
J : E → E, Jg(x) := 2g
 x
2

,
in the complete generalized metric space (E, d), where E := {g : X → Y , g(0) = 0} and
d (g, h) = inf

a ∈ R+, µg(x)−h(x)(at) ≥ ϕx,x

t
2

for all x ∈ X and t > 0

.
It is easy to see that J is a strictly contractive self-mapping of E with the Lipschitz constant L = 2
α
, which is <1 only if
α > 2. (We also note that the condition α > 2 was used in order to show that the sequence

2nf
 x
2n

is Cauchy; see the
proof of Theorem 2.2.)
Moreover, the inequality
µf (x)−2f ( x2 )(t) ≥ ϕ x2 , x2 (t) ≥ ϕx,x(αt)
implies d(J, f ) ≤ 12α and then from the inequality
d(f , A) ≤ 1
1− Ld (f , Jf )
where A(x) = limn→∞ 2nf
 x
2n

is the fixed point of J , it follows
d(f , A) ≤ 1
2(α − 2) ,
that is,
µA(x)−f (x)

1
2(α − 2) t

≥ ϕx,x

t
2

(x ∈ X, t > 0).
This gives
µA(x)−f (x)(t) ≥ ϕx,x((α − 2)t) (x ∈ X, t > 0),
that is, estimation (2.6).
Thus, our Theorem 2.2 also corrects the statement of Theorem 2.6.
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